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Abstract—We consider the problem of degradation in perfor-
mance of multi-carrier multi-user massive MIMO systems when
channel induced Doppler spread is high. Recently, Orthogonal
Time Frequency Space (OTFS) modulation has been shown to be
robust to channel induced Doppler spread. In OTFS based systems,
information symbols are embedded in the delay-Doppler (DD) do-
main where they are jointly modulated to generate the time-domain
transmit signal. Due to the multi-path delay and Doppler shifts,
the DD domain information symbols need to be jointly demodu-
lated at the receiver. For multi-carrier based communication (e.g.,
Orthogonal Frequency Division Multiplexing (OFDM)), massive
MIMO systems have been shown to achieve high spectral and
energy efficiency with low complexity multi-user precoding in the
downlink. Extending the same to OTFS based downlink multi-user
massive MIMO systems is challenging due to the requirement for
joint demodulation of all information symbols at the user terminal
(UT). In this paper, we solve this problem by proposing a novel
OTFS based multi-user precoder at the base station (BS) and a
corresponding low complexity detector (LCD) at the user terminals
(UTs), which allows for separate demodulation of each DD domain
information symbol at the UT. The complexity of the proposed
precoder increases only linearly with increasing number of BS
antennas Q and the number of UTs. We show, through analysis,
that asQ increases (with total transmitted power decreased linearly
with Q), the proposed low complexity detector achieves a sum
spectral efficiency close to that achieved with optimal joint demod-
ulation at each UT. Numerical simulations confirm our analysis and
also show that the spectral efficiency and error rate performance
of the proposed OTFS based massive MIMO precoder (with the
proposed LCD detector at each UT) is significantly more robust to
channel induced Doppler spread when compared to OFDM based
multi-user massive MIMO systems.

Index Terms—Doppler spread, massive MIMO, multi-user,
OTFS, precoder.
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I. INTRODUCTION

IN THIS paper, we consider low complexity precoding and
detection for downlink massive MIMO systems where in-

formation is embedded in the Delay-Doppler (DD) domain.
Recently, Orthogonal Time Frequency Space (OTFS) modu-
lation has been introduced, where information is embedded
in the DD domain [1]–[3]. This improves robustness towards
channel induced Doppler spread which is otherwise known
to severely degrade the performance of multi-carrier systems
(e.g., Orthogonal Frequency Division Multiplexing (OFDM))
where information is embedded in the Time-Frequency (TF)
domain [1], [4].

In OTFS modulation, DD domain information symbols in-
terfere with each other due to the channel induced delay and
Doppler shifts, and therefore they need to be jointly demodu-
lated at the receiver. This can be challenging in the downlink
where the UTs are receivers. Towards this end, [5]–[7], [8]
have considered low-complexity message passing (MP) based
detectors which have good error rate performance when the
DD domain channel is sparse i.e., small number of channel
paths. However, in rich scattering environments with a large
number of channel multi-paths, the performance of MP based
detector degrades. In [9], a Linear Minimum Mean Squared
Error (LMMSE) estimator based OTFS detector has been pro-
posed whose complexity increases with increasing delay and
Doppler spread. In [10], a point-to-point MIMO-OTFS system
has been considered for high Doppler spread channels, for which
a Markov Chain Monte Carlo (MCMC) sampling based detector
has been proposed. However, the complexity of this MCMC
based detector is O(M 3 N 3) where M and N are the number
of sub-divisions of the delay and Doppler domain respectively.
The complexity of this MCMC detector can be prohibitive for
large (M,N). A low-complexity Linear MMSE detector has
also been proposed in [11] having complexity O(M 2 N 2P ) (P
is the number of channel multi-paths), though this complexity
can still be high for OTFS systems where (M,N) is large.
In [12], low complexity OTFS detection based on a varia-
tional Bayes approach is proposed having overall complexity
O(MNP ) +O(MN log(MN)).

Next generation communication systems are expected to
achieve higher throughput and reliability at much higher mobile
speed when compared to Fourth Generation systems [13]. As
next generation systems are expected to operate in higher fre-
quency bands, achieving high throughput at high mobile speed
is a challenge due to increased channel induced Doppler spread.
Massive MIMO systems based on large antenna arrays at the
base station (BS) have been proposed for improving the spectral
and energy efficiency of multi-user cellular wireless communi-
cation systems [14]. However, to the best of our knowledge there

0018-9545 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Univ of Calif Santa Barbara. Downloaded on June 15,2021 at 23:58:38 UTC from IEEE Xplore.  Restrictions apply. 

https://orcid.org/0000-0002-7437-1168
https://orcid.org/0000-0003-3822-2138
https://orcid.org/0000-0002-5832-6885
https://orcid.org/0000-0002-1284-891X
https://orcid.org/0000-0002-5861-2873
mailto:bcpandey86@gmail.com
mailto:saifkmohammed@gmail.com
mailto:raviteja.patchava@monash.edu
mailto:yi.hong@monash.edu
mailto:emanuele.viterbo@monash.edu


4390 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 70, NO. 5, MAY 2021

is no work done so far on large antenna array based DD domain
multi-user downlink precoding for massive MIMO systems.

Recently in [15], the authors have proposed a large-antenna
array based low-complexity receiver for decoding the downlink
OTFS signal transmitted from a single-antenna BS. However, the
authors ignore inter-carrier interference (ICI) and inter-symbol
interference (ISI) as they assume ideal pulse shaping transmit
and receiver waveforms which satisfy the bi-orthogonality con-
dition (see equation (17) in [15]). Such ideal pulses however
do not exist. Further, the Doppler shift of each channel path
is assumed to be an integer multiple of the Doppler resolution
in the DD domain, and therefore interference due to fractional
Doppler has also been ignored in [15]. Also, in [15], only a
single user scenario is considered with no precoding at the BS
as only single-antenna BS transmission is considered. In [16], a
path division multiple access OTFS massive MIMO system has
been proposed where the angle domain is used to separate the
uplink signal from different UTs. This method however assumes
precise knowledge of the antenna steering vector at the BS and
also accurate knowledge of the angle of arrivals from the UTs.

In [17], OTFS modulation based single user massive MIMO
beamforming is proposed. OTFS modulation transforms the
information symbols into TF domain symbols on which beam-
forming is performed. Due to OTFS modulation, each informa-
tion symbol is spread over the entire TF domain and therefore
at the receiver, a linear MMSE estimator based interference
cancellation detector is used. For each information symbol,
the complexity of the linear MMSE based detection is at least
O(MN). Since there are MN information symbols in an OTFS
frame, the total detection complexity is at least O(M 2 N 2).

In this paper, we consider a multi-user massive MIMO down-
link OTFS system where a BS having a large uniform rectangular
antenna array (URA) with Q = QhQv antennas (Qh rows and
Qv columns) serves K user terminals (UTs) each having a
single antenna. We consider practical non-ideal pulse shaping
and fractional Doppler which results in ICI, ISI and Doppler
interference, due to which the effective DD domain channel
matrices between the BS and the UTs are not as sparse as
that when ideal pulses and integral Doppler is assumed. In
such a scenario, multi-antenna information precoding in the
DD domain can have very high complexity since all KMN
information symbols have to be jointly precoded and transmitted
from the Q BS antennas. There is therefore a need to design
low complexity multi-user precoding and detection methods for
massive MIMO OTFS systems. Specific contributions of our
paper are:

1) With rectangular pulse shaping and fractional Doppler,
in Section IV we propose a low-complexity DD domain
based multi-user precoder for massive MIMO OTFS sys-
tems where perfect channel state information (CSI) of all
UTs is available at the BS. The precoding complexity is
O(QMN 2∑K

s=1 Ls) where Ls is the number of channel
paths between the BS and the s-th UT. Note that the
complexity increases only linearly with the number of BS
antennas Q and the number of UTs K.

2) With this proposed multi-user precoder, the optimal de-
tector at each UT has prohibitive complexity as it jointly
decodes all the MN DD domain information symbols in
an OTFS frame. Therefore, in Section V we propose a low
complexity DD domain detector (LCD) at the UT, which
performs separate detection for each information sym-
bol and therefore has lower complexity than the optimal
detector. Due to separate detection of each information

symbol, the LCD detector along with the TF to DD do-
main converter has only aO(MN log(MN)) complexity,
which is independent of the amount of delay/Doppler
spread and the number of channel paths.

3) In Section V, we also derive an expression for the achiev-
able sum spectral efficiency (SE) with the proposed low
complexity detector. Analysis of this expression reveals
that as the number of BS antennas becomes large (with
total transmitted power reduced linearly with increasing
Q), the sum SE achieved by the proposed LCD detector is
close to that achieved by the optimal detector.

4) Analysis reveals that in the large antenna regime, the
SE of the proposed LCD detector is limited only by
AWGN and is almost independent of multi-user and
inter-symbol interference. This is similar to the effect
of vanishing multi-user and inter-symbol interference in
Time-Frequency domain based massive MIMO systems
where linear precoders are used [18].

5) Numerical simulations confirm that, in the large antenna
regime, the proposed LCD detector achieves sum SE close
to that achieved by the optimal detector. Through numer-
ical simulations, we also compare the sum SE achieved
by the proposed multi-user precoder and LCD detector
with that achieved by OFDM massive MIMO systems
based on Maximum Ratio Transmission (MRT) multi-
user precoding [18]. These simulations reveal that the
proposed DD domain based multi-user massive MIMO
precoding and LCD detection achieves significantly better
SE than OFDM massive MIMO systems in channels where
Doppler shift is high.

6) In Section VI-A, we compare the coded error rate per-
formance of OTFS and OFDM downlink massive MIMO
systems when the BS has imperfect channel state informa-
tion (CSI). Simulations reveal that indeed the proposed
low-complexity OTFS precoder with the LCD detector
achieves significantly better coded error rate performance
than OFDM massive MIMO with much less channel esti-
mation overhead.

Notations: For integers x and M , [x]M denotes the smallest
non-negative integer congruent to x modulo M . For any real
y, �y� is the greatest integer less than or equal to y. The
zero mean circular symmetric complex Gaussian distribution
having variance N0 is denoted by CN (0, N0). For any square
matrix A, Tr(A) and |A| denote the trace and determinant of
A, respectively. Diag(a1, a2, . . . , an) denotes a square n× n
diagonal matrix whose element in the i-th row and i-th column
is ai, i = 1, 2, . . . , n.

II. SYSTEM MODEL

We consider the downlink of an OTFS based multi-user
massive MIMO system with Q co-located antennas at the base
station (BS) and a single antenna at each of the K user ter-
minals (UTs). The antenna array at the BS is in the form of
a Uniform Rectangular Array (URA) with distance d between
adjacent antenna elements. The number of rows and columns of
antenna elements in the URA are Qv and Qh respectively, i.e.,
Q = QhQv . The Delay-Doppler channel between the q-th BS
antenna and the s-th UT is given by [19], [20]

hq,s(τ, ν) =

Ls∑
i=1

hq,s,i δ(τ − τs,i) δ(ν − νs,i) ,

s = 1, 2, . . . ,K, q = 1, 2, . . . , Q (1)
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where Ls denotes the number of channel paths between the BS
and the s-th UT. Further, τs,i and νs,i are the delay and Doppler
along the i-th path (i = 1, 2, . . . , Ls) between the BS and the
s-th UT. In (1), δ(·) is the impulse function. Further, hq,s,i is the
complex channel gain between the q-th BS antenna and the s-th
UT along the i-th path and is given by [21]

hq,s,i = gs,i e
j 2πd

λ

(
[q−1]

Qh
sinφs,i sin θs,i+

⌊
q−1
Qh

⌋
cos θs,i

)
,

q = 1, 2, . . . , Q , s = 1, 2, . . . ,K , i = 1, 2, . . . , Ls (2)
where gs,i models the complex channel gain of the i-th path, i.e.,
gs,i are i.i.d. CN (0, βs,i), s = 1, 2, . . . ,K , i = 1, 2, . . . , Ls.
Further, let the vector of channel path gains between the s-th
UT and the BS be denoted by

gs
Δ
= ( gs,1 , gs,2 , · · · , gs,Ls

)T , s = 1, 2, . . . ,K. (3)
In (2), θs,i and φs,i are respectively the zenith and azimuthal
angles of departure for the i-th channel path from the BS to the
s-th UT.1 Also, λ is the wavelength of the carrier.

In this paper we consider coding across several OTFS frames
which are sequential in time. The zenith and azimuthal angles of
departure, the Doppler shift, delay and channel gain for each path
are assumed to be fixed for the entire duration of a codeword.
As an example, with OTFS frames of duration 0.25 milliseconds
(ms) and a codeword spanning hundred OTFS frames, the total
duration of the codeword is 25 ms. With a bandwidth of 5 MHz,
the resolution of the delay domain is 1/(5MHz) = 0.2μs. The
delay of a channel path can change by an order of 0.2μs if and
only if the UT travels a distance of roughly 60 m (i.e., distance
travelled in 0.2μs at speed of light). Even for a UT with a mobile
speed of 360 Km/hr (i.e., 100 m/s), it would take 600 ms for
this to happen, which is much greater than the 25 ms duration
of a codeword. In this paper, we therefore assume the zenith
and azimuthal angles of departure, the Doppler shift, delay and
channel gain for each path to be fixed for a few tens of ms, i.e., the
entire duration of the codeword. Subsequently, these parameters
which are fixed for the entire codeword duration, are denoted by

P Δ
=
{
{Ls}Ks=1, {θs,i, φs,i, τs,i, νs,i, gs,i}K,Ls

s=1,i=1

}
. (4)

Let xq(t) denote the time-domain signal transmitted from the
q-th BS antenna. The time-domain signal received at the s-th
UT is given by [20]

ys(t) =

Q∑
q=1

∫ ∫
hq,s(τ, ν)xq(t− τ)ej2πν(t−τ)dτ dν + w̃s(t)

(a)
=

Q∑
q=1

Ls∑
i=1

hq,s,i xq(t− τs,i) e
j2πνs,i(t−τs,i) + w̃s(t) (5)

where w̃s(t) is the additive white Gaussian noise (AWGN) at the
s-th UT and step (a) follows from (1). The multi-user massive
MIMO downlink system is depicted in Fig. 1.

1We assume that for any two channel paths to a UT, both the corresponding
zenith and azimuthal angles are not equal. That is, for all s = 1, 2, . . . ,K and
any i �= k, (θs,iφs,i) �= (θs,k, φs,k), i.e., θs,i = θs,k and φs,i = φs,k if and
only if i = k. In practical scenarios, due to randomly distributed scatterers, two
UTs may have the same zenith and azimuthal angles for some paths between
the BS and these UTs. However, in this paper we consider that the BS schedules
any two such UTs onto different physical resource, in order that they do not
interfere with each other. Therefore, in this paper we propose joint DD domain
precoding only for those UTs for which, the zenith and the azimuthal angles for
any channel paths to these UTs are not both equal, i.e., for any s �= s′ and all
i = 1, 2, . . . , Ls, k = 1, 2, . . . , Ls′ , (θs,i, φs,i) �= (θs′,k, φs′,k).

Fig. 1. A multi-user massive MIMO downlink system.

III. OTFS MODULATION AND DEMODULATION

The DD domain is T seconds wide along the delay domain
and Δf = 1/T Hz wide along the Doppler domain. The de-
lay domain is further sub-divided into M equal sub-divisions
each T/M seconds wide. Similarly the Doppler domain is
sub-divided into N equal sub-divisions each Δf/N Hz wide.
The combination of a sub-division along the delay domain and
a sub-division along the Doppler domain is referred to as a
Delay Doppler Resource Element (DDRE). There are therefore
MN DDREs in one OTFS frame and each DDRE carries
one information symbol. Each DDRE is denoted by its index
k = 0, 1, . . . , N − 1 along the Doppler domain and its index
l = 0, 1, . . . ,M − 1 along the delay domain.

At the q-th BS antenna, the DD domain transmit sym-
bolsxq[k, l], k = 0, 1, . . . , N − 1, l = 0, 1, . . . ,M − 1 are con-
verted to the time-domain signal xq(t) using OTFS modula-
tion [1]. At the UT, the received time-domain signal y(t) is
transformed back to the DD domain using OTFS demodula-
tion. For OTFS modulation, the DD domain signal xq[k, l] is
first transformed to the Time-Frequency (TF) domain signal
Xq[n,m] using the Inverse Symplectic Finite Fourier Transform
(ISFFT), i.e.

Xq[n,m] =
1√
MN

N−1∑
k=0

M−1∑
l=0

xq[k, l] e
j2π(nk

N −ml
M )

n = 0, 1, . . . , N − 1 , m = 0, 1, . . . ,M − 1. (6)

Next, Xq[n,m] is then transformed to the time-domain signal
x̃q(t) using the Heisenberg transform2

x̃q(t) =
N−1∑
n=0

M−1∑
m=0

Xq[n,m] gtx(t− nT ) ej2πmΔf(t−nT ) (7)

where the transmit pulse gtx(·) is rectangular and is given by

gtx(t)
Δ
=

{ 1√
T

, if 0 ≤ t < T

0 , otherwise.
(8)

2Transformation of the TF signal Xq [n,m] to the time-domain can also be
performed using the Inverse Fourier Transform as considered in [16], [22], [23]
However, the use of the Inverse Fourier Transform requires a Cyclic-Prefix (CP)
for each n = 0, 1, . . . ,N − 1, i.e., N CPs in each OTFS frame. In [24] it has
been shown that using the Heisenberg transformation (instead of the Inverse
Fourier Transform) requires only one CP for the entire OTFS frame without any
performance penalty, i.e., the CP overhead is significantly less when using the
Heisenberg transformation.
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A CP of duration equal to the maximum channel path delay, i.e.3

τmax
Δ
= max

s=1,2,...,K
i=1,2,...,Ls

τs,i (9)

is appended to x̃q(t) resulting in the time-domain signal xq(t)
to be transmitted from the q-th BS antenna, i.e.

xq(t) =

⎧⎪⎪⎨⎪⎪⎩
N−1∑
n=−1

M−1∑
m=0

Xq[[n]N ,m]g
tx
(t− nT ) ej2πmΔf(t−nT ),

−τmax ≤ t < NT

0 , t < −τmax and t ≥ NT .

(10)

In (10), the TF symbolXq[n,m], n ≥ 0 contributes to the overall
transmit signal xq(t) only through the term Xq[n,m]gtx(t−
nT ) ej2πmΔf(t−nT ) and therefore since gtx(·) is time-limited to
the interval [0 , T ), it follows that this term is limited to the
interval [nT , (n+ 1)T ) along the time-domain and roughly
along the interval [mΔf , (m+ 1)Δf ] along the frequency
domain ([nT , (n+ 1)T )× [mΔf , (m+ 1)Δf ] is referred to
as the (m,n)-th time-frequency resource element (TFRE)). In
the R.H.S. of (10), the summation term due to n = −1 corre-
sponds to the CP and we limit it to the time-interval [−τmax, 0).
Since m = 0, 1, . . . , (M − 1) and n = −1, 0, 1, . . . , (N − 1),
the transmit signal xq(t) is therefore time-limited to the interval
[−τmax , NT ) and has a bandwidth of MΔf Hz. For OTFS
demodulation at the s-th UT, the received time-domain signal
ys(t) is first transformed to the TF domain using the Wigner
transform [1] i.e.

Ys[n,m] =

∫ NT

0
g∗rx(t− nT ) ys(t) e

−j2πmΔf(t−nT ) dt

n = 0, 1, . . . , N − 1 , m = 0, 1, . . . ,M − 1 (11)

where grx(·) is the receive pulse which we take to be rectangular
i.e., grx(t) = gtx(t). The TF domain signal is then transformed
back to the DD domain using SFFT i.e.,

x̂s[k, l] =
1√
MN

N−1∑
n=0

M−1∑
m=0

Ys[n,m] e−j2π(nk
N −ml

M )

k = 0, 1, . . . , N − 1 , l = 0, 1, . . . ,M − 1. (12)

Let x̂s ∈ CMN×1 denote the vector of these received DD domain
symbols at the s-th UT as given by (13), as shown at the bottom
of this page.

3The CP helps in avoiding interference between OTFS frames transmitted
one after the other in the time-domain.

From Appendix A in this paper and [5], it follows that4

x̂s =

Q∑
q=1

Hq,s xq + ws (14)

where xq ∈ CMN×1 is the vector of DD domain symbols to be
transmitted from the q-th BS antenna, and is given by (13). In
(14), ws is the vector of i.i.d. CN (0, N0) additive noise samples
in the DD domain and is given by (13). In (13), ws[k, l] is the
received noise sample at the s-th UT in the (k, l)-th DDRE and
is given by (35) in Appendix A. The matrix Hq,s ∈ CMN×MN

is the effective DD domain channel between the s-th UT and the
q-th BS antenna and is given by

Hq,s
Δ
=

Ls∑
i=1

hq,s,i As,i (15)

where the matrix As,i ∈ CMN×MN scaled by hq,s,i is the con-
tribution of the i-th channel path of the s-th UT to the DD domain
channel matrix Hq,s between the q-th BS antenna and the s-th
UT (see the derivation of (14) and (15) in Appendix A). The
entry of As,i in its (kM + l + 1)-th row and (k′M + l′ + 1)-th
column is given by as,i,k,l[k

′, l′] in (39) of Appendix A.

IV. PROPOSED MULTI-USER DOWNLINK PRECODING

IN DD DOMAIN

Let us[k, l] ∼ CN (0, 1) , k = 0, 1, . . . , N − 1, l = 0, 1, . . . ,
M − 1 denote the i.i.d. DD domain information symbols to be
communicated to the s-th UT on the (k, l)-th DDRE. Also, let
us ∈ CMN×1 denote the vector of allMN information symbols
for the s-th UT, which is given by (16), as shown at the bottom of
this page. Assuming perfect knowledge of the effective DD do-
main channel matricesHq,s , q = 1, 2, . . . , Q , s = 1, 2, . . . ,K
at the BS, in the following we propose to precode us into the
DD domain transmit signal vectors xq , q = 1, 2, . . . , Q, i.e.

xq =

√
ET

η

K∑
s=1

HH
q,s us , η

Δ
= QMN

K∑
s=1

Ls∑
i=1

βs,i. (17)

In (17), the DD domain signal xq transmitted from the q-th BS
antenna depends on the DD domain channel matrices Hq,s, s =
1, 2, . . . ,K between the UTs and the q-th BS antenna. Further,
from (15) we know that Hq,s depends on hq,s,i which in turn
depends on the zenith and azimuthal angles of departure between
the BS and the s-th UT. Therefore, the proposed precoder in
(17) incorporates spatial precoding. Later in Section V, we
show that with a large BS antenna array, this precoder allows

4Note that, just as in [5] we consider the path delays τs,i, i = 1, 2, . . . , Ls

to be integer multiples of T/M = 1/(MΔf) since the sampling time duration
1/(MΔf) is small for wide bandwidth systems and therefore it suffices to
approximate the path delay with its nearest integer multiple of 1/(MΔf) [25].

Therefore, lτs,i
Δ
= τs,iMΔf is an integer.

x̂s
Δ
= (x̂s[0, 0], . . . , x̂s[0,M − 1], x̂s[1, 0], . . . , x̂s[1,M − 1], . . . , x̂s[N − 1, 0], . . . , x̂s[N − 1,M − 1])T ,

xq
Δ
= (xq[0, 0], . . . , xq[0,M − 1], xq[1, 0], . . . , xq[1,M − 1], . . . , xq[N − 1, 0], . . . , xq[N − 1,M − 1])T ,

ws
Δ
= (ws[0, 0], . . . , ws[0,M − 1], ws[1, 0], . . . , ws[1,M − 1], . . . , ws[N − 1, 0], . . . , ws[N − 1,M − 1])T (13)

us
Δ
= (us[0, 0], . . . , us[0,M − 1], us[1, 0], . . . , us[1,M − 1], . . . , us[N − 1, 0], . . . , us[N − 1,M − 1])T (16)
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Fig. 2. Block diagram of the BS downlink transmitter with the proposed OTFS
Multi-user Massive MIMO Precoder.

for separate detection of each DD domain information symbol
(i.e., low complexity detection), as it results in vanishingly
small inter-symbol and multi-user interference at each UT. The
complete block diagram of the downlink transmitter at the BS is
shown in Fig. 2 (the operations in (17) are implemented in the
shaded block).

We note that the proposed precoder in (17) is different from
the OTFS modulation based single user massive MIMO beam-
forming proposed in [17]. This is because, in (17) we perform
spatial precoding in the DD domain whereas in [17] single-user
beamforming is performed only in the TF domain. As we shall
see later in Section V, the proposed precoder allows for separate
DD domain detection of each information symbol which has a
complexity of only O(MN log(MN)) when compared to the
detection complexity of at least O(M 2 N 2) in [17]. The average
transmitted energy is given by

Eus,gs

⎡⎣ Q∑
q=1

∫ NT

−τmax

|xq(t)|2 dt
⎤⎦

= Eus,gs

⎡⎣ Q∑
q=1

∫ NT

0
|xq(t)|2 dt

⎤⎦
+ Eus,gs

⎡⎣ Q∑
q=1

∫ 0

−τmax

|xq(t)|2 dt
⎤⎦ (18)

where the expectation is w.r.t. us,gs, s = 1, 2, . . . ,K (see (3)).
From (6), (8) and (10) it follows that

Eus,gs

⎡⎣ Q∑
q=1

∫ NT

0
|xq(t)|2 dt

⎤⎦
= Eus,gs

⎡⎣ Q∑
q=1

N−1∑
n=0

M−1∑
m=0

|Xq[n,m]|2
⎤⎦

= Eus,gs

⎡⎣ Q∑
q=1

N−1∑
k=0

M−1∑
l=0

|xq[k, l]|2
⎤⎦

=

Q∑
q=1

Eus,gs

[‖xq‖2
]

(19)

where the precoded DD domain symbol vector xq is given by
(17). From (17) it is clear that

Q∑
q=1

Eus,gs

[‖xq‖2
]
=

Q∑
q=1

Tr

(
Eus,gs

[
xq x

H
q

])

(a)
=

ET

η

Q∑
q=1

K∑
s=1

Tr

(
Egs

[
HH

q,s Hq,s

])

(b)
=

ET

η

Q∑
q=1

K∑
s=1

Ls∑
i1=1

Ls∑
i2=1

Egs

[
h∗
q,s,i1

hq,s,i2

]
Tr

(
AH

s,i1
As,i2

)

(c)
=

MNET

η

Q∑
q=1

K∑
s=1

Ls∑
i=1

Egs

[|gs,i|2]

= ET

QMN
K∑
s=1

Ls∑
i=1

βs,i

η
= ET (20)

where step (a) follows from the fact that us[k, l] ∼
i.i.d. CN (0, 1). Step (b) follows from the R.H.S. of (15). Step
(c) follows from the expression for hq,s,i in (2) and the fact that
gs,i, s = 1, 2, . . . ,K, i = 1, 2, . . . , Ls are i.i.d. We have also
used the fact that AH

s,iAs,i = I (see (42)). The last step follows
from the definition of η in (17). Similarly, from (2), (6), (8), (10),
(15) and (17) it can be shown that

Eus,gs

⎡⎣ Q∑
q=1

∫ 0

−τmax

|xq(t)|2 dt
⎤⎦ = ET

τmax

NT
(21)

and therefore using (19), (20) and (21) in (18), we get

Eus,gs

⎡⎣ Q∑
q=1

∫ NT

−τmax

|xq(t)|2 dt
⎤⎦ = ET

(
1 +

τmax

NT

)
. (22)

The proposed precoder in (17) involves matrix multiplications
(HH

q,sus , s = 1, 2, . . . ,K) for generating the DD domain trans-
mit signal at each BS antenna. In Appendix A, from the second
equation in (39) it is clear that each column of As,i has only
N non-zero elements out of MN elements. From (15) it then
follows that each column of Hq,s has at most NLs non-zero
elements. Hence the complexity of the proposed precoder is
O(QMN 2∑K

s=1 Ls) for each OTFS frame, i.e., the precoding
complexity increases only linearly with the number of BS an-
tennas Q and the number of UTs K.

Using (17) in (14), the received vector of DD domain symbols
at the s-th UT is

x̂s =

Q∑
q=1

Hq,s

(√
ET

η

K∑
s′=1

HH
q,s′us′

)
+ ws

=

√
ET

η
Gs,sus +

√
ET

η

K∑
s′=1
s′ �=s

Gs,s′us′ + ws ,

Gs,s′
Δ
=

Q∑
q=1

Hq,sH
H
q,s′ . (23)
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Using (15) in (23) we get

Gs,s′ =

Q∑
q=1

Hq,s H
H
q,s′ =

Q∑
q=1

Ls∑
i=1

Ls′∑
k=1

hq,s,ih
∗
q,s′,kAs,iA

H
s′,k.

(24)

In (23), the relation between the transmitted information symbol
vector us and the received DD domain signal vector x̂s is
similar to that of a MN ×MN MIMO system, for which
the largest information rate (i.e., I(x̂s;us)) is achieved by the
Minimum Mean Squared Error Estimation - Successive Inter-
ference Cancellation (MMSE-SIC) detector [25]. Here I(x; y)
denotes the mutual information between the random variables
x and y [26]. Therefore, for given channel parameters P =

{{Ls}Ks=1, {θs,i, φs,i, τs,i, νs,i, gs,i}K,Ls

s=1,i=1}, the SE achieved
by the proposed precoder in (17) with the optimal MMSE-SIC
detector is given by (25). In (25), the factor MN(1 + τmax

NT ) is
the total time-bandwidth product i.e., MΔf(τmax +NT ).

Cs(P)
Δ
=

I(x̂s;us)

MN
(
1 + τmax

NT

) =
1

MN
(
1 + τmax

NT

)
× log2

∣∣∣∣∣I+ ET

ηNo
Gs,sG

H
s,s

(
I+

ET

ηNo

K∑
s′=1,
s′ �=s

Gs,s′G
H
s,s′

)−1∣∣∣∣∣.
(25)

The sum SE achieved by the proposed precoder is therefore given
by

C(P)
Δ
=

K∑
s=1

Cs(P). (26)

From (22) we know that the total transmitted energy is
ET (τmax +NT )/(NT ) and therefore the average total trans-
mitted power is ET /NT as the total duration of the OTFS
frame is (τmax +NT ). At the receiver, the AWGN power is
MΔfNo since No is the PSD of the AWGN and MΔf is the
total communication bandwidth. Subsequently, in this paper we
denote the ratio of the average total transmitted power to the
AWGN power at the receiver by

ρ
Δ
=

ET /(NT )

MΔfNo
=

ET

MNNo
(27)

which follows from the fact that TΔf = 1.
The complexity of the optimal MMSE-SIC detector is how-

ever O(M 4 N 4) and therefore, achieving the SE in (25) is
challenging when M and/or N is large. In the next section,
we therefore propose a low complexity detector which is shown
to achieve a sum SE close to that of the optimal MMSE-SIC
detector when the number of BS antennas (Q) is large.

V. LOW COMPLEXITY DETECTION OF RECEIVED

MULTI-USER OTFS SIGNAL

In this section, we propose an alternate low complexity de-
tector (LCD) where each information symbol in the DD domain
is detected separately. In the following we propose the LCD
for us,r (the r-th element of us). Let x̂s,r denote the r-th
element of the DD domain vector x̂s (r = 1, 2, . . . ,MN , s =
1, 2, . . . ,K) received at the s-th UT. From (23) it follows that

x̂s,r =

√
ET

η
γs,s,r,r us,r + w̃s,r ,

Fig. 3. Block diagram of the receiver at the s-th UT with the proposed LCD
detector.

w̃s,r
Δ
=

√
ET

η

MN∑
p=1
p�=r

γs,s,r,p us,p

︸ ︷︷ ︸
Inter-symbol Interference

+

√
ET

η

K∑
s′=1
s′ �=s

MN∑
p=1

γs,s′,r,p us′,p

︸ ︷︷ ︸
Multi-user Interference

+ ws,r︸︷︷︸
AWGN

(28)

where γs,s′,r,p denotes the element of Gs,s′ in its r-th row and
p-th column. Here ws,r denotes the r-th element of ws. In (28),

w̃s,r is the effective noise and interference and
√

ET

η γs,s,r,r us,r

is the useful signal. The channel in (28) is effectively a single-
input single-output (SISO) channel with us,r as input and x̂s,r as
output. Since r = 1, 2, . . . ,MN , for each UT we therefore have
MN sub-channels, one for each DDRE location (for example,
from (13) and (28) it is clear that us,r is transmitted and detected
on the (k = �(r − 1)/M�, l = [r − 1]M )-th DDRE). At the en-
coder, different information codebooks are used in principle for
generating information codewords for each such sub-channel of
each UT. If the total communication time is limited to F OTFS
frames and if (cs,r,1, cs,r,2, . . . , cs,r,f , . . . , cs,r,F )denotes the in-
formation codeword for the s-th UT to be transmitted on the r-th
sub-channel, then the information symbol cs,r,f is transmitted in
the f -th OTFS frame on the (k = �(r − 1)/M�, l = [r − 1]M )-
th DDRE (i.e., in the f -th OTFS frame, us,r = cs,r,f ). In the
proposed LCD detector, the UT performs separate decoding
for each SISO channel which greatly reduces the complexity
when compared to MMSE-SIC. For example, if the received
DD domain symbol in the f -th OTFS frame on the (k = �(r −
1)/M�, l = [r − 1]M )-th DDRE is denoted by x̂s,r,f , then the
codeword (cs,r,1, cs,r,2, . . . , cs,r,f , . . . , cs,r,F ) is decoded from
the received symbol vector (x̂s,r,1, x̂s,r,2, . . . , x̂s,r,F ). In Fig. 3
we show the receiver at the s-th UT with the proposed LCD
detector. Separate LCD detectors are shown for each of theMN
sub-channels (see the shaded blocks in Fig. 3).

Due to separate symbol detection, the complexity of the LCD
detector is O(MN) as there are MN information symbols in
one OTFS frame. Since the complexity of the TF to DD domain
conversion in (12) isO(MN log(MN)), the overall complexity
of LCD along with the TF to DD domain converter is only
O(MN log(MN)). Note that this complexity is independent of
the number of channel paths and is smaller than the complexity
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of the detector in [17] (which is at least O(M 2 N 2)). In the
following we derive an expression for the achievable sum SE of
the proposed LCD detector.

Theorem 1: For a given set of channel parameters P =

{{Ls}Ks=1, {θs,i, φs,i, τs,i, νs,i, gs,i}K,Ls

s=1,i=1}, the SE achieved
by the s-th UT with the proposed LCD detector is given by

Rs(P)
Δ
=

1

MN
(
1 + τmax

NT

) MN∑
r=1

Is,r(P),

Is,r(P)
Δ
= log2 (1 + SINRs,r(P) ) ,

SINRs,r(P)
Δ
=

|γs,s,r,r|2

η

ρMN︸ ︷︷ ︸
AWGN

+
MN∑
p=1
p�=r

∣∣γs,s,r,p∣∣2
︸ ︷︷ ︸

Inter-symbol Interference (ISI)

+
K∑

s′=1
s′ �=s

MN∑
p=1

|γs,s′,r,p|2

︸ ︷︷ ︸
Multi-user Interference (MUI)

.

(29)
Proof: For given channel parametersP , the channel in (28) is

a SISO channel with complex Gaussian information symbolus,r

and statistically independent effective noise and interference
w̃s,r. The statistical independence is due to i.i.d. information
symbolsus,p , p = 1, 2, . . . ,MN and independent AWGN. The
achievable rate expression in (29) then follows from the capacity
of such SISO channels [25]. In (29), the factor MN(1 + τmax

NT )
is the total time-bandwidth product i.e., MΔf(τmax +NT ).

The sum SE achieved with the proposed LCD detector is
therefore given by

R(P)
Δ
=

K∑
s=1

Rs(P). (30)

Corollary 1: For fixed system and channel parameters i.e.,
fixed (Bc, Tc,Δf, d/λ,P), as the URA size increases i.e.,
(Qh → ∞, Qv → ∞) with constant ρQ, an approximation to
Is,r is given by (31). From this approximation, it is clear that
in the large (Qh, Qv) and small ρ regime, the achievable in-
formation rate of the proposed precoder with the LCD detector
is limited only by AWGN, and becomes independent of inter-
symbol and multi-user interference.

Is,r
(a)≈ log2

⎡⎣1+
⎧⎨⎩ρQ
(

Ls∑
i=1

|gs,i|2
)2/ K∑

s̃=1

Ls̃∑
i=1

βs̃,i

⎫⎬⎭
⎤⎦ ,

Large (Qh, Qv) approximation with constant ρQ. (31)
Proof: Step (a) in (31) follows by substituting the large

(Qh, Qv) approximation of γs,s′,r,p/Q, γs,s,r,r/Q, γs,s,r,p/Q
from Appendices B, C, D and the expression for η from (17)
into the expression for SINRs,r in (29). From Appendices B and
D we know that for large (Qh, Qv) (constant ρQ), γs,s′,r,p/Q ≈
0 (s �= s′) and for p �= r, γs,s,r,p/Q ≈ 0. Using this fact in the
expression for SINRs,r in (29), it is clear that in the large antenna
and small ρ regime, the effective noise and interference power
(i.e., denominator in the R.H.S. of the expression for SINRs,r

in (29)) is dominated by AWGN.
The following result shows that in the large (Qh, Qv) and

small ρ regime, the proposed LCD detector is near-optimal.
Theorem 2: For fixed system and channel parameters i.e.,

fixed (Bc, Tc,Δf, d/λ,P), as the URA size increases i.e.,

(Qh → ∞, Qv → ∞) with constant ρQ, the proposed LCD
detector is near-optimal, i.e.,

R(P) ≈ C(P),Large (Qh, Qv) Approximation. (32)

Proof: Refer to Appendix E.
Discussion: From Corollary 1 and Theorem 2, the following

conclusions can be made.
1) From Corollary 1 it is clear that with a large antenna

array the achievable information rate with the proposed
LCD detector depends on ρ only through the product ρQ,
and therefore in the large (Qh, Qv) regime, for a desired
achievable sum SE, the required ρ will decrease as 1/Q
with increasing (Qh, Qv). This implies that the energy
efficiency improves with increase in Q. This effect is the
same as that observed in TF domain based OFDM massive
MIMO systems with perfect channel state information
(CSI) [18]. Also, just as in TF domain based massive
MIMO systems, from Corollary 1 we also observe that
even in OTFS based massive MIMO systems the effect
of multi-user and inter-symbol interference vanishes with
increasing number of BS antennas, i.e., in the large antenna
and small ρ regime the sum SE is limited only by AWGN.
From the proof of Corollary 1 it is clear that this happens
due to the proposed precoder in (17), which results in
combining of the channel matrices between the s-th UT
and the BS (i.e., Hq,s, q = 1, 2, . . . , Q) into the effective
DD domain channel matrix Gs,s =

∑Q
q=1 Hq,sH

H
q,s (see

(23) and (28)), whose off-diagonal entries are vanish-
ingly smaller than its diagonal entries when Q is large
(i.e., vanishing inter-symbol interference with increasing
Q). Further, due to the proposed precoder, the chan-
nel matrices between the BS and the other UTs (i.e.,
Hq,s′ , q = 1, 2, . . . , Q, s′ �= s) combine with the channel
matrices for the s-th UT resulting in the matrices Gs,s′ =∑Q

q=1 Hq,s H
H
q,s′ which cause multi-user interference (see

(23) and (28)), but whose entries are vanishingly small
(compared to the diagonal entries ofGs,s) with increasing
Q. From Theorem 2 it is further clear that in the large
antenna and small ρ regime, the proposed LCD detector
is near-optimal i.e., R(P) ≈ C(P).

VI. NUMERICAL SIMULATIONS

For numerical simulations, we consider a single circular cell
of radius 5 Km with a Q = QhQv antenna BS at its centre
serving K single antenna UTs in the downlink. The UTs are
uniformly distributed in the cell except in a circular region of
radius 35 m around the BS. We consider the Rural Macro Non
Line-of-Sight (RMa-NLOS) scenario which is expected to be
deployed for wide area coverage (e.g., supporting high speed
vehicles) [27]. The path-loss model,5 the power delay profile
(i.e., number of paths, path delays and their relative power gains)
and the angles of departure are described in Section 7.4.1 and
Table 7.5 − 6 (Part-2) in [27].6 The Doppler shift for each path
is modelled as νs,i = νmax cos(αs,i) where αs,i are distributed
uniformly in [0 , 2π). Further, αs,i are statistically independent

5As a reference, we consider the path-loss to a cell-edge UT to be unity and
therefore the variable ρ denotes the average received signal-to-noise ratio (in the
time-domain) at a cell-edge UT.

6As the cell-size (5 Km radius) is not small, we consider a mean delay spread
of 0.37μs.
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TABLE I
SYSTEM PARAMETERS

Fig. 4. Sum SE (bits/s/Hz) versus number of BS antennas Q (constant ρQ =
0.1).

for different s = 1, 2, . . . ,K and i = 1, 2, . . . , Ls. The spacing
between adjacent antenna elements in the URA is taken to be half
of the carrier wavelength. The maximum possible channel path
delay is taken to be τmax = 4.7μs, which is the CP size in 4G-
LTE systems. The system parameters (Bc,Δf, Tc,M,N, fc)
are tabulated in Table-I.

In Fig. 4, we plot the sum SE achieved by the proposed
OTFS based precoder with two different detectors, i.e., i) op-
timal MMSE-SIC detector, and ii) proposed LCD detector.
The SEs are plotted as a function of increasing URA size
Q (with Qh = Qv) and a constant ρQ = 0.1. The plotted
SEs are averaged over the statistics of the channel parame-
ters P = {{Ls}Ks=1, {θs,i, φs,i, τs,i, νs,i, gs,i}K,Ls

s=1,i=1}. There-
fore, the plotted SE is E[C(P)] and E[R(P)] respectively for the
optimal detector and the proposed LCD detector (see (26) and
(30)). There are K = 4 UTs and we consider two scenarios, i)
where the maximum Doppler shift for each UT is νmax = 1600
Hz which corresponds to a mobile speed of 360 Km/hr at a
carrier frequency of fc = 4.8 GHz, and ii) where the UTs are
stationary (i.e., νmax = 0). The other system parameters are as
in Table-I. From Fig. 4 it is clear that the gap between the SE
achieved by the LCD detector and that achieved by the optimal
detector diminishes with increasing number of BS antennas. This
supports our analysis in Theorem 2. It is also observed that for
both the detectors, the SE at a high mobile speed of 360 Km/hr
(i.e., νmax = 1600 Hz) is almost same as the SE at zero mobile
speed, i.e., the SE is almost invariant to channel induced Doppler
shift.

In Fig. 5, we plot the average sum SE achieved by the
proposed downlink precoder with the proposed LCD detector
(i.e., E[R(P)]), for a OTFS multi-user massive MIMO downlink
system as a function of increasing maximum Doppler shift νmax.
The BS has a URA of size Qh = Qv = 14, i.e., Q = 196 anten-
nas, ρQ = 0.1 and K = 4 UTs. The other system parameters
are as in Table-I. In Fig. 5, we also plot the SE achieved by
the proposed downlink precoder with the optimal detector in the

Fig. 5. Sum SE (bits/s/Hz) versus maximum Doppler shift νmax (Hz).

Fig. 6. Per UT SE (bits/s/Hz) versus number of UTs K.

DD domain (i.e., E[C(P)]), and the SE achieved by an OFDM
multi-user massive MIMO downlink system (with Maximum
Ratio Transmission precoding in the TF domain [18]). The
sub-carrier spacing for the OFDM massive MIMO system is
Δf = 15 KHz. From the figure it is clear that the SE achieved
by OFDM massive MIMO degrades significantly at high mo-
bile speed whereas the SE achieved by the proposed precoder
(with either the LCD detector or the optimal detector) does not
degrade. At high mobile speed, the proposed DD domain based
downlink precoder with the LCD detector achieves significantly
better SE when compared to that achieved by an OFDM massive
MIMO system.

In Table-II we list the sum SE achieved by the proposed
OTFS based downlink precoder with the LCD detector and that
achieved by the OFDM massive MIMO system as a function of
varying ρ when the BS has Q = 196 BS antennas (Qh = Qv =
14) and there are K = 4 UTs. From the table, it is observed that
for all considered values of ρ, at high Doppler spread the sum SE
achieved by OTFS massive MIMO is significantly greater than
that achieved by OFDM massive MIMO. Also, for all considered
values of ρ, the sum SE achieved by the OTFS massive MIMO
system is almost invariant of the Doppler spread.

In Fig. 6, we plot the per UT SE achieved by the proposed
downlink precoder with both the LCD and the optimal detector
(i.e., E[R(P)]/K and E[C(P)]/K respectively) as a function of
increasing number of UTs K. The BS has a URA of size Qh =
Qv = 14, i.e.,Q = 196 antennas and ρQ = 0.1. From the figure
we observe that the gap between the per UT SE achieved by the
proposed LCD detector and that by the optimal detector is around
0.4 bits/s/Hz with K = 2 UTs, but decreases to 0.2 bits/s/Hz
when the number of UTs is increased to K = 8.

In Fig. 7, we plot the variation in the sum SE achieved by the
proposed precoder as a function of varying power delay profile,

Authorized licensed use limited to: Univ of Calif Santa Barbara. Downloaded on June 15,2021 at 23:58:38 UTC from IEEE Xplore.  Restrictions apply. 



PANDEY et al.: LOW COMPLEXITY PRECODING AND DETECTION IN MULTI-USER MASSIVE MIMO OTFS DOWNLINK 4397

TABLE II
SUM SE (bits/s/Hz) VS. (νmax, ρQ), Qh = Qv = 14, Q = QhQv = 196, K = 4 UTS

Fig. 7. Sum SE (bits/s/Hz) vs. delay scaling factor rτ .

but fixed number of UTs K = 4, fixed ρQ = 0.1 and fixed
νmax = 1600 Hz. In the RMa-NLOS channel model [27], the
random channel path delays are modelled as τ = −rτμτ log(X)
where X is uniformly distributed in the interval [0 , 1]. The

power gain of a path having delay τ is proportional to e−τ
(rτ−1)
rτμτ .

Here μτ is the mean delay spread and rτ is the delay scaling
factor which can be used to vary the power profile of the channel
paths. A value of rτ = 1 models a flat power profile where all
channel paths have the same power irrespective of their delay.
With increasing rτ , the power profile becomes steeper, i.e., the
power of channel paths decreases more rapidly with increasing
path delay. From Fig. 7 it is clear that the SE achieved by the
proposed OTFS massive MIMO precoder is almost invariant of
the power profile and does not degrade when there are a large
number of equal power paths (i.e., when rτ is close to 1).

A. Coded Error Rate Performance Comparison Between
OTFS and OFDM Massive MIMO Systems With Imperfect CSI

In this section, we present the comparison between the error
rate performance of the proposed OTFS precoder (with the
LCD detector) and the OFDM massive MIMO precoder, for
the imperfect channel state information (CSI) scenario. In both
the proposed OTFS system and the OFDM based system, we
perform uplink channel estimation and the estimated uplink
channel is used for downlink precoding. This strategy is used
since we consider a TDD system where the uplink and downlink
channels are reciprocal.

For the OTFS based system, since T = 1/Δf = 66.66μs,
each OTFS frame is (τmax +NT ) = 4.7 + 4 × 66.66 =
271.37μs in duration. As shown in Fig. 8, downlink communi-
cation consists of a sequence of 35 consecutive OTFS frame of
total duration 35 × 271.37μs = 9.5 ms. We consider a rate-1/3
Turbo code (see 3GPP Technical Standard (TS) 36.212: Multi-
plexing and Channel Coding) and 4-QAM modulation of coded

Fig. 8. OTFS Uplink (UL) and Downlink (DL) communication.

bits to information symbols. Each codeword has 6144 infor-
mation bits and therefore consists of 3 × (6144 + 4)/2 = 9222
4-QAM symbols. Since each OTFS frame can carry M ×N =
330 × 4 = 1320 symbols, a codeword spans �9222/1320� = 7
OTFS frames having duration 7 × 271.37μs = 1.9 ms. There-
fore, five codewords can be transmitted in 35 OTFS frames
over a duration of 9.5 ms. As discussed earlier in Section II,
the channel path delays, Doppler shifts and channel path gains
are assumed to be fixed for a few tens of ms, and therefore in
our simulations we consider them to be constant for one OTFS
uplink phase followed by a downlink phase i.e., 2 × 9.5 = 19
ms (we assume alternate uplink and downlink communication
phases, with each phase of 9.5 ms duration). Uplink channel
estimation is performed in the last OTFS frame of each uplink
communication phase (see Fig. 8).

Although the OTFS channel matrices (MN ×MN ) are large
for large M and/or N , they depend on the path parameters (i.e.,
path gains, path delays and Doppler shifts) of only a small
number of paths (Ls � MN, s = 1, 2, . . . ,K, see also (15)).
Therefore, we consider low-complexity estimation of these pa-
rameters, which has been described in detail in Appendix F.
As discussed above, we consider the use of only one OTFS
frame for transmission of uplink pilots. Through simulations
(discussed later in this section) we show that the coded error
rate performance with the proposed channel estimation is al-
most the same as that with perfect channel knowledge. As the
same channel estimate is used for both uplink and downlink
communication and only one pilot OTFS frame is sufficient, the
channel estimation overhead is 100

(2×35) = 1.43 percent only.
For the OFDM based massive MIMO system also, we con-

sider alternate uplink and downlink communication phases of
equal duration. Uplink pilots transmitted by the UTs are used
by the BS to acquire channel estimates. As shown in Fig. 9, at
the end of the uplink communication phase an OFDM symbol
is dedicated for the transmission of uplink pilot for each UT.
Therefore with K = 4 UTs, four OFDM symbols are dedicated
for uplink channel estimation. In each OFDM pilot symbol,
pilots are transmitted on each sub-carrier and separate channel
estimation for each sub-carrier is performed on all the Q receive
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Fig. 9. OFDM UL and DL frames with one codeword transmitted in one DL
frame.

Fig. 10. OFDM UL and DL frames with one codeword spanning four DL
frames.

antennas at the BS. In OFDM, the TF domain channel changes
due to the Doppler shift induced by each multi-path and therefore
we consider two different UL-DL frame options. In option-I
shown in Fig. 9, one codeword (same as that described earlier
for the OTFS based system) consisting of 9222 4-QAM symbols
is transmitted in the downlink in �9222/330� = 28 OFDM
symbols, which spans a duration of 28 × 71.36μs = 2.0 ms (as
each OFDM symbol is 1/Δf + 4.7μs = 71.36μs). The chan-
nel estimation overhead with option-I (K = 4 UTs) is therefore

K
(2×28) × 100 = 7.14 percent.

In option-II as shown in Fig. 10, the pilots are transmitted
more frequently to support higher mobility than that supported
by option-I. Specifically, one codeword is transmitted in four
downlink communication phases. As channel estimation is per-
formed at the end of each uplink phase, the channel estimation
overhead with option-II is therefore K

2×7 × 100 = 28.6 percent.
Also, the total time duration between the first channel estimation
just before the start of transmission of a codeword and the end of
transmission of that codeword is roughly 32 × 71.36μs = 2.28
ms and 53 × 71.36μs = 3.78 ms for option-I and option-II
respectively. For these durations, the underlying channel path
gains hq,s,i, path delays τs,i and Doppler shifts νs,i do not
change, but the TF domain channel changes due to the Doppler
shifts of the channel paths.

In Fig. 11, we compare the Frame Error Rate (FER) (i.e.,
codeword error rate) performance of the proposed OTFS massive
MIMO precoder (with the LCD detector) and OFDM massive
MIMO as a function of increasing ρ for a fixed Qh = Qv = 14
and K = 4 UTs. We consider the imperfect CSI scenario where
the received pilot signal to noise ratio at each BS antenna is
26 dB for both OTFS and OFDM systems. We note that the
FER performance of OFDM massive MIMO with option-I and

Fig. 11. FER vs. ρ for OTFS and OFDM massive MIMO.

Fig. 12. FER vs. ρ for OTFS massive MIMO.

option-II UL-DL frames (denoted in the figure as OFDM-I
and OFDM-II respectively), degrades with increase in Doppler
spread. Even with frequent transmission of uplink pilots (i.e.,
OFDM-II with a pilot overhead of 28.6 percent), the FER
performance at νmax = 400 Hz is poor when compared to that
of OTFS massive MIMO with a pilot overhead of only 1.43
percent. Therefore, the proposed OTFS massive MIMO precoder
achieves significantly better error rate performance than OFDM
massive MIMO, with much lower pilot overhead.

In Fig. 12, we plot the FER for OTFS massive MIMO with
the proposed precoder (and the LCD detector) as a function of
increasingρ for a fixed number of BS antennas (Qh = Qv = 14)
andK = 4 UTs. We consider both the perfect and imperfect CSI
scenarios. For the imperfect CSI scenario, the received pilot
signal to noise ratio at each BS antenna is ρp = 26 dB (see
Appendix F). With increasing maximum Doppler shift νmax,
multi-user interference (MUI) and inter-symbol interference
(ISI) could increase. However, due to the proposed precoder
in (17), MUI and ISI become vanishingly small in compari-
son to AWGN, when the number of BS antennas (Qh, Qv) is
sufficiently large (see proof of Corollary 1 and the Discussion
segment after (32)). In fact, from (31) it is clear that the large
(Qh, Qv) approximation of the SE achieved by a UT is inde-
pendent of the multi-path Doppler shift. Hence, for the perfect
CSI scenario, with large (Qh, Qv) the FER performance is also
expected to be almost invariant of the multi-path Doppler shift.
This is in fact observed in Fig. 12.7 From Fig. 12 we also observe
that the FER performance for the perfect and imperfect CSI

7One more reason for the same FER performance for all νmax considered
in Fig. 12 is that multi-path Doppler diversity is not obtained as the maximum
Doppler shift νmax is significantly less than the Doppler domain resolution [28].
As the main objective of this paper is to propose a low complexity multi-user
precoder and low-complexity decoder for OTFS massive MIMO systems, we
do not consider achieving Doppler diversity here, although it is an interesting
future work.
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scenarios are the same, which shows the effectiveness of the
OTFS channel estimation considered in Appendix F.8

VII. CONCLUSION

In this paper, we have proposed a low complexity OTFS multi-
user massive MIMO precoder where multi-user precoding is
performed in the DD domain. As the optimal MMSE-SIC based
detector at each UT has prohibitive complexity when (M,N)
is large, we also propose a low complexity LCD detector for
detection of information symbols at each UT. Through analysis
we show that with increasing number of BS antennas the sum
SE performance of the proposed LCD detector converges to
that achieved by the optimal detector. Through simulations we
also show that the proposed OTFS multi-user massive MIMO
precoder achieves significantly better SE than a OFDM multi-
user massive MIMO precoder in high mobility scenarios where
the Doppler shift of the channel paths is high. Simulations of the
coded error rate performance reveals that OTFS massive MIMO
achieves significantly better FER than OFDM massive MIMO
with much smaller pilot overhead.

APPENDIX A
DERIVATION OF (14) AND (15)

Substituting the expression forxq(t) from (10) into the R.H.S.
of (5), we get an expression for ys(t) in terms of the DD domain
signals xq[k, l], q = 1, 2, . . . , Q. Using this expression of ys(t)
into the R.H.S. of (11) we get an expression for Ys[n,m] which
when substituted in the R.H.S. of (12) gives an expression for
x̂s[k, l] in terms of xq[k, l], i.e.

x̂s[k, l]
(a)
=

1
MN

Q∑
q=1

N−1∑
k′=0

M−1∑
l′=0

xq[k
′, l′] h̃q,s,k,l[k

′, l′]

+ ws[k, l]

h̃q,s,k,l[k
′, l′] Δ

=
1

MN

(
hici
q,s,k,l[k

′, l′] + e−j2π k′
N hisi

q,s,k,l[k
′, l′]
)

(33)

where step (a) follows from equations (53) and (60) in Appendix
C of [5] and the expressions for hici

q,s,k,l[k
′, l′] and hisi

q,s,k,l[k
′, l′]

follow from equations (56) and (61) respectively in [5] (see (34),
at the bottom of this page).

Note that in (34), lτs,i
Δ
= τs,iMΔf is an integer. In the R.H.S.

of equation (61) in [5], the expression for the ISI term consists of

8For high maximum Doppler shift (νmax) also, the FER performance in the
imperfect CSI scenario is the same as that in the perfect CSI scenario. This
is because, the OTFS channel estimation in Appendix F estimates the exact
Doppler shift of each path (i.e., for the i-th path it estimates νi completely and
not just its integer part � νi

Δf/N
�Δf

N ), and that the Doppler estimate in Appendix
F is accurate at high received pilot signal to noise ratio ρp.

a summation over n = 1 to n = N − 1 whereas the expression
for the ICI term in equation (56) of [5] consists of a summation
over n = 0 to n = N − 1. This is due to the fact that in [5],
instead of the CP, zero prefix of duration τmax is used to
avoid interference between consecutive OTFS frames in the
time-domain. Due to this, in [5], the sum over n in the ISI term is
−1/N less than the sum over n in the ICI term. This difference
is significant when N is not large and can reduce the energy of
the effective DD domain channel gains h̃q,s,k,l[k

′, l′]. Therefore,
in this paper we have considered a CP of length τmax, due to
which the summation over n will be from n = 0 to n = N − 1
in both the ICI and the ISI terms (see (34)).

In (33), the received additive noise sample on the (k, l)-th
DDRE is given by

ws[k, l]
Δ
=

1√
MN

N−1∑
n=0

M−1∑
m=0

Ws[n,m] e−j2π(nk
N −ml

M )

k = 0, 1, . . . , N − 1 , l = 0, 1, . . . ,M − 1 (35)
where Ws[n,m] is the received noise sample in the (n,m)-th
TFRE. Further, from (5) and (11), Ws[n,m] is given by

Ws[n,m] =

∫
g∗rx(t− nT )w̃s(t) e

−j2πmΔf(t−nT ) dt. (36)

Since w̃s(t) is AWGN with power spectral densityN0, from (35)
and (36) it follows that

ws[k, l] ∼ i.i.d. CN (0, N0). (37)

Let Hq,s ∈ CMN×MN denote a matrix whose element in
its (kM + l + 1)-th row and (k′M + l′ + 1)-th column is
h̃q,s,k,l[k

′, l′] (see (33)). Then, arranging x̂s[k, l], xq[k, l] and
ws[k, l] respectively into the vectors x̂s,xq andws (see (13)) and
using (33), we get (14). Further, from (14) and the expressions
for hici

q,s,k,l[k
′, l′] and hisi

q,s,k,l[k
′, l′] in (34) it follows that

h̃q,s,k,l[k
′, l′] Δ

=

Ls∑
i=1

hq,s,i as,i,k,l[k
′, l′] (38)

where as,i,k,l[k
′, l′] is given by (39), as shown at the bottom of

the next page.
In (39), the discrete impulse sequence δ[p](p ∈ Z) is one

when p = 0 and is zero otherwise. In the first equation in
(39), as,i,k,l[k′, l′] is a sum of two terms, the first term in the
first line and the second term below it. Since the delays are
integer multiple of 1/(MΔf), lτs,i = MΔfτs,i is an integer.
Therefore, in the R.H.S. of the first equation in (39), we observe
that each term is non-zero only when the summation variable
p equals l′ (see the last inner summation over m′ which equals
δ[[p− l′]

M
]). Also, the inner summation over m is non-zero

only when p = [l − lτs,i ]M . From these two facts it follows that
as,i,k,l[k

′, l′] is non-zero only when [l′ + lτs,i − l]
M

is zero, i.e.,
l = [l′ + lτs,i ]M . In the first line of the first equation in (39), the
summation over p is from p = 0 to p = M − 1 − lτs,i and since

hici
q,s,k,l[k

′, l′]=
Ls∑
i=1

hq,s,i

M

⎧⎨⎩
(

N−1∑
n=0

e
j2πn

(
νs,i
Δf − (k−k′)

N

))[M−1−lτs,i∑
p=0

ej2π p
M (

νs,i
Δf )

M−1∑
m=0

e−j2π(p+lτs,i−l)(m
M )

M−1∑
m′=0

ej2π(p−l′)m′
M

]⎫⎬⎭
hisi
q,s,k,l[k

′, l′]=
Ls∑
i=1

hq,s,i

M

⎧⎨⎩
(

N−1∑
n=0

e
j2πn

(
νs,i
Δf − (k−k′)

N

))[ M−1∑
p=M−lτs,i

ej2π( p−M
M )

νs,i
Δf

M−1∑
m=0

e−j2π(p+lτs,i−l)(m
M )

M−1∑
m′=0

ej2π(p−l′)m′
M

]⎫⎬⎭
(34)
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this term can only be non-zero if p = l′, it follows that this term
contributes toas,i,k,l[k′, l′] if and only if l′ ∈ [0 , M − 1 − lτs,i ].
Similarly, the term in the second line of (39) contributes to
as,i,k,l[k

′, l′] if and only if l′ ∈ [M − lτs,i , M − 1]. The second
equation in (39) then follows from these observations.

Let As,i ∈ CMN×MN denote the matrix whose element
in its (kM + l + 1)-th row and (k′M + l′ + 1)-th column is
as,i,k,l[k

′, l′]. Since h̃q,s,k,l[k
′, l′] denotes the element of Hq,s

in its (kM + l + 1)-th row and (k′M + l′ + 1)-th column,
(15) follows from (38). Let as,i,r ∈ CMN×1 denote the r-th
column of AH

s,i, r = 1, 2, . . . ,MN . For any s = 1, 2, . . . ,K,
i = 1, 2, . . . , Ls and r = 1, 2, . . . ,MN , the second equation in
(39) gives the expression for the elements in the r-th row ofAs,i.
Therefore, for the r = (kM + l + 1)-th row of As,i i.e., aHs,i,r,
we have k = �r/M� and l = [r]

M
. With this (k, l) pair (which

corresponds to the r-th row of As,i), from (39) we have

‖as,i,r‖2 =
1
N 2

N−1∑
k′=0

∣∣∣∣∣
N−1∑
n=0

e
j2πn

(
νs,i
Δf − (k−k′)

N

)∣∣∣∣∣
2

=
1
N 2

N−1∑
k′=0

N−1∑
n1=0

N−1∑
n2=0

e
j2π(n1−n2)

(
νs,i
Δf − (k−k′)

N

)

=
1
N 2

N−1∑
n1=0

N−1∑
n2=0

ej2π(n1−n2)(
νs,i
Δf − k

N )

[
N−1∑
k′=0

ej2π(n1−n2)
k′
N

]
︸ ︷︷ ︸

=N δ[n1−n2]

= 1. (40)

Similarly, from the second equation in (39) it also follows that
for any r1, r2 = 1, 2, . . . ,MN and r1 �= r2

aHs,i,r1
as,i,r2 = 0. (41)

From (40) and (41) we then have

As,iA
H
s,i = I , AH

s,iAs,i = I. (42)

APPENDIX B
EXPRESSION FOR γs,s′,r,p/Q (s �= s′)

Let as,i,r ∈ CMN×1 denote the r-th column of AH
s,i. Then,

from (24) we have

γs,s′,r,p
Q

=

Q∑
q=1

Ls∑
i=1

Ls′∑
k=1

(hq,s,i h
∗
q,s′,k/Q)aHs,i,r as′,k,p

=

Ls∑
i=1

Ls′∑
k=1

⎛⎝ Q∑
q=1

hq,s,i h
∗
q,s′,k/Q

⎞⎠aHs,i,r as′,k,p. (43)

From (2) it follows that⎛⎝ Q∑
q=1

hq,s,i h
∗
q,s′,k/Q

⎞⎠
=

gs,ig
∗
s′,k

QhQv

Q∑
q=1

e
j2π d

λ

(
[q−1]

Qh
bs,s′,i,k+

⌊
q−1
Qh

⌋
cs,s′,i,k

)

=
gs,i g

∗
s′,k

QhQv

⎡⎣Qh−1∑
q
h
=0

ej2π d
λ
q
h
bs,s′,i,k

⎤⎦⎡⎣Qv−1∑
qv=0

ej2π d
λ
qv cs,s′,i,k

⎤⎦
=

[
gs,i g

∗
s′,k e

jπ d
λ ((Qh−1)bs,s′,i,k+(Qv−1)cs,s′,i,k)

sinc(d
λ
bs,s′,i,kQh)

sinc(d
λ
bs,s′,i,k)

sinc(d
λ
cs,s′,i,kQv)

sinc(d
λ
cs,s′,i,k)

]

bs,s′,i,k
Δ
= sin(φs,i) sin(θs,i)− sin(φs′,k) sin(θs′,k) ,

cs,s′,i,k
Δ
= cos(θs,i)− cos(θs′,k). (44)

Using (44) in (43) we get

γs,s′,r,p
Q

=

Ls∑
i=1

Ls′∑
k=1

aHs,i,r as′,k,pe
jπ d

λ ((Qh−1)bs,s′,i,k+(Qv−1)cs,s′,i,k)

as,i,k,l[k′,l′]

Δ
=

(
1
N

N−1∑
n=0

e
j2πn

(
νs,i
Δf − (k−k′)

N

))[M−1−lτs,i∑
p=0

ej2π p
M (

νs,i
Δf )

=δ[[p+lτs,i−l]
M ]︷ ︸︸ ︷{

1
M

M−1∑
m=0

e−j2π(p+lτs,i−l)(m
M )

} =δ[[p−l′]
M ]︷ ︸︸ ︷{

1
M

M−1∑
m′=0

ej2π(p−l′)m′
M

}]

+

(
1
N

N−1∑
n=0

e
j2πn

(
νs,i
Δf − (k−k′)

N

))[ M−1∑
p=M−lτs,i

ej2π( p−M
M )

νs,i
Δf

{
1
M

M−1∑
m=0

e−j2π(p+lτs,i−l)(m
M )

}
︸ ︷︷ ︸

=δ[[p+lτs,i−l]
M ]

{
1
M

M−1∑
m′=0

ej2π(p−l′)m′
M

}
︸ ︷︷ ︸

=δ[[p−l′]
M ]

]

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, l �= [l′ + lτs,i ]M
1
N

[∑N−1
n=0 e

j2πn
(

νs,i
Δf − (k−k′)

N

)]
ej2π l′

M

νs,i
Δf , l = [l′ + lτs,i ]M , l′ ∈ [0 , M − 1 − lτs,i ]

1
N

[∑N−1
n=0 e

j2πn
(

νs,i
Δf − (k−k′)

N

)]
e
j2π

(
l′
M

νs,i
Δf − k′

N − νs,i
Δf

)
, l = [l′ + lτs,i ]M , l′ ∈ [M − lτs,i , M − 1]

k′ = 0, 1, . . . , N − 1, k = 0, 1, . . . , N − 1, l′ = 0, 1, . . . ,M − 1, l = 0, 1, . . . ,M − 1 (39)
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gs,i g
∗
s′,k

sinc(d
λ
bs,s′,i,kQh)

sinc(d
λ
bs,s′,i,k)

sinc(d
λ
cs,s′,i,kQv)

sinc(d
λ
cs,s′,i,k)

. (45)

Since the azimuthal and zenith angles for any two UTs
are not the same, for any s �= s′, at least one among
bs,s′,i,k and cs,s′,i,k is not zero. Hence, for all s �= s′,
sinc( d

λ
bs,s′,i,kQh)

sinc( d
λ
bs,s′,i,k)

sinc( d
λ
cs,s′,i,kQv)

sinc( d
λ
cs,s′,i,k)

→ 0 as (Qh, Qv) → ∞. Us-

ing this fact in (43), for large (Qh, Qv) we have
γs,s′,r,p

Q
≈ 0, Large (Qh, Qv). (46)

APPENDIX C
EXPRESSION FOR γs,s,r,r/Q

From (24) we have

γs,s,r,r
Q

=

Q∑
q=1

Ls∑
i=1[

|hq,s,i|2
Q

‖as,i,r‖2 +

Ls∑
k=1
k �=i

hq,s,ih
∗
q,s,k

Q
aHs,i,ras,k,r

]

(a)
=

Ls∑
i=1

|gs,i|2

+

Ls∑
i=1

Ls∑
k=1
k �=i

aHs,i,ras,k,r

{
ejπ

d
λ
((Qh−1)bs,s,i,k+(Qv−1)cs,s,i,k)

gs,ig
∗
s,k

sinc(d
λ
bs,s,i,kQh)

sinc(d
λ
bs,s,i,k)

sinc(d
λ
cs,s,i,kQv)

sinc(d
λ
cs,s,i,k)

}
(47)

where step (a) follows from (2) and bs,s,i,k, cs,s,i,k are given
by (44) with s′ = s. In step (a) we have also used the fact that
‖as,i,r‖2 = 1 (see (40)). Further, since the azimuthal and zenith
angles for any two channel paths to a UT are not the same, for any
i �= k, at least one among bs,s,i,k or cs,s,i,k is not zero. Hence, as

(Qh, Qv) → ∞, the term sinc( d
λ
bs,s,i,kQh)

sinc( d
λ
bs,s,i,k)

sinc( d
λ
cs,s,i,kQv)

sinc( d
λ
cs,s,i,k)

→ 0

for all i �= k. Using this fact in (47), for large (Qh, Qv) we have

γs,s,r,r
Q

≈
Ls∑
i=1

|gs,i|2, Large (Qh, Qv). (48)

APPENDIX D
EXPRESSION FOR γs,s,r,p/Q (r �= p)

From (24) we have

γs,s,r,p
Q

=

Ls∑
i=1

[⎛⎝ Q∑
q=1

|hq,s,i|2/Q
⎞⎠aHs,i,ras,i,p

+

Ls∑
k=1
k �=i

⎛⎝ Q∑
q=1

hq,s,ih
∗
q,s,k/Q

⎞⎠aHs,i,ras,k,p

]

(a)
=

Ls∑
i=1

Ls∑
k=1
k �=i

aHs,i,ras,k,p

[
ejπ

d
λ
((Qh−1)bs,s,i,k+(Qv−1)cs,s,i,k)

gs,i g
∗
s,k

sinc(d
λ
bs,s,i,kQh)

sinc(d
λ
bs,s,i,k)

sinc(d
λ
cs,s,i,kQv)

sinc(d
λ
cs,s,i,k)

]
(49)

where step (a) follows from (2) and the fact that for any
p �= r, aHs,i,ras,i,p = 0 (see (41)). Further, since the azimuthal
and zenith angles are not the same for any two channel
paths to a UT, for any i �= k, at least one among bs,s,i,k
or cs,s,i,k is not zero. Hence, as (Qh, Qv) → ∞, the term
sinc( d

λ
bs,s,i,kQh)

sinc( d
λ
bs,s,i,k)

sinc( d
λ
cs,s,i,kQv)

sinc( d
λ
cs,s,i,k)

→ 0 for all i �= k. Using this

fact in (49), for large (Qh, Qv) we have
γs,s,r,p

Q
≈ 0, Large (Qh, Qv). (50)

APPENDIX E
PROOF OF THEOREM 2

We firstly find a good approximation to C(P) in the large
(Qh, Qv) regime with constant ρQ. From (24) we get

Gs,s

Q
=

Q∑
q=1

Ls∑
i=1

⎛⎜⎝ |hq,s,i|2
Q

As,iA
H
s,i +

Ls∑
k=1
k �=i

hq,s,ih
∗
q,s,k

Q
As,iA

H
s,k

⎞⎟⎠

(a)
=

Ls∑
i=1

Q∑
q=1

|hq,s,i|2

Q
I +

Ls∑
i=1

Ls∑
k=1
k �=i

Q∑
q=1

hq,s,ih
∗
q,s,k

Q
As,iA

H
s,k

(b)≈
(

Ls∑
i=1

|gs,i|2
)
I , Large (Qh, Qv) (51)

where step (a) follows from the expression forhq,s,i in (2) and the
fact that As,iA

H
s,i = I (see (42)). Step (b) follows from the fact

that, for all i �= k, (
∑Q

q=1 hq,s,ih
∗
q,s,k/Q) → 0 as (Qh, Qv) →

∞ (see (49) and the paragraph following it). Similarly, from (24)
we also have

Gs,s′

Q
=

Ls∑
i=1

Ls′∑
k=1

Q∑
q=1

hq,s,ih
∗
q,s′,k

Q
As,iA

H
s′,k

≈ 0, Large (Qh, Qv). (52)

where we have used the fact that (
∑Q

q=1 hq,s,ih
∗
q,s′,k/Q) → 0

as (Qh, Qv) → ∞ (see (44) and the paragraph following (45)).
Using the large (Qh, Qv) approximation for Gs,s′/Q from (52)
and the expression for η from (17), we get

ET

ηNo

K∑
s′=1,
s′ �=s

Gs,s′G
H
s,s′ =

ETQ
η
QNo

K∑
s′=1,
s′ �=s

Gs,s′

Q

GH
s,s′

Q

(a)
=

ρQ
K∑̃
s=1

Ls̃∑
i=1

βs̃,i

K∑
s′=1,
s′ �=s

Gs,s′

Q

GH
s,s′

Q

≈ 0, Large (Qh, Qv) and constant ρQ
(53)

where step (a) follows from (27) and the last step follows from
the fact that ρQ is kept constant with increasing (Qh, Qv). Using
(51) and (53) in (25) we get the following large (Qh, Qv) with
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constant ρQ approximation for Cs(P) as

Cs(P)
(a)≈ 1

MN
(
1 + τmax

NT

) log2

∣∣∣∣∣I+ MN(ρQ)

η/Q

Gs,s

Q

GH
s,s

Q

∣∣∣∣∣
(b)
=

1

MN
(
1 + τmax

NT

) MN∑
r=1

log2

⎛⎝1 +
ρQ
η/Q
MN

(
Ls∑
i=1

|gs,i|2
)2
⎞⎠

(c)≈ 1

MN
(
1 + τmax

NT

) MN∑
r=1

log2

⎛⎜⎜⎜⎝1 +

ρQ

(
Ls∑
i=1

|gs,i|2
)2

K∑̃
s=1

Ls̃∑
i=1

βs̃,i

⎞⎟⎟⎟⎠
(54)

where step (a) follows from (27) and (53). Step (b) follows from
(51) and step (c) follows from the expression for η in (17). From
the large Q (with constant ρQ) approximation of Is,r in (31) of
Corollary 1 we have

Rs(P)
(a)
=

1

MN
(
1 + τmax

NT

) MN∑
r=1

Is,r(P)

(b)≈ 1

MN
(
1 + τmax

NT

) MN∑
r=1

log2

⎛⎜⎜⎜⎝1 +

ρQ

(
Ls∑
i=1

|gs,i|2
)2

K∑̃
s=1

Ls̃∑
i=1

βs̃,i

⎞⎟⎟⎟⎠
(55)

where step (a) follows from the first definition in (29) and step
(b) follows from (31). From (55) and (54) it follows that in the
large (Qh, Qv) regime (with constant ρQ), Cs(P) ≈ Rs(P).
The proof then follows from using this fact in (26) and (30).

APPENDIX F
OTFS CHANNEL ESTIMATION

In this section, we discuss OTFS channel estimation consid-
ered by us in the numerical section. The OTFS massive MIMO
channel estimation discussed here in the following is suited for
systems where the BS does not have accurate knowledge of
the antenna array steering vector. It is noted that prior works
on OTFS massive MIMO channel estimation assume the exact
knowledge of the antenna array steering vector at the BS [16],
[22], [23]. In the considered TDD system, each UT sends a
pilot symbol on a single designated DDRE in the uplink OTFS
frame dedicated for uplink pilot transmission. For example, the
placement of K = 4 pilots for the 4 UTs is shown in Fig. 13
for M = 330, N = 4. In our simulations we have considered
a maximum path delay of τmax = 4.7μs, due to which a pilot
transmitted by a UT on the (k, l) = (0, 0)-th DDRE will be re-
ceived between the l = 0-th and the l = �τmaxMΔf� = 24-th
DDRE along the delay domain (Δf = 1/T = 15 KHz). If we
consider a maximum Doppler shift of νmax = 1600 Hz, then
the same pilot will be spread over almost all the DDREs along
the Doppler domain.

In order that the received pilots for the K = 4 UTs do not
interfere with each other along the delay domain, we place the
pilots for the UTs at an interval of �M/4� = 82 DDREs along
the delay domain (see Fig. 13). The pilots for the four UTs are
placed on DDREs having different Doppler domain indices in
order that the interference between the received pilots is even

Fig. 13. Placement of uplink pilots in the DD domain. Pilots are transmitted
by the UTs on the shaded DDREs.

smaller. Let the pilot for the s-th UT be located at the (ks, ls)-th
DDRE, whereks = (s− 1), ls = (s− 1)�M/4�, s = 1, 2, 3, 4.
For the s-th UT we define its pilot region Rs = {(k, l) | k =
ks, l − ls ∈ [0 , 82]} by the set of those DDREs where signifi-
cant energy would be received only from the pilot transmitted
by the s-th UT.

The DD domain pilot signal transmitted by the s-th UT
is xs[k, l] =

√
Ep when (k = ks, l = ls) and is zero for all

other values of (k, l). Here Ep is the pilot energy. We assume
power control for the uplink pilots, such that the pilot energy
received from each UT is the same, i.e., Ep. The average uplink
pilot power received from each UT is therefore Ep/(NT ). The
noise power at each BS antenna in the communication band-
width of MΔf Hz is MΔfNo. Therefore, the received pilot

signal to noise ratio at the BS is ρp
Δ
= Ep/(NTMΔfNo) =

Ep/(MNNo) for each UT.
Let x̂q[k, l] denote the pilot signal received at the q-th

BS antenna in the (k, l)-th DDRE, k = 0, 1, . . . , N − 1, l =
0, 1, . . . ,M − 1. Further, let x̂q ∈ CMN×1 denote the vector of
all symbols received on the MN DDREs at the q-th BS antenna,
which is given by (57) as shown at the bottom of the next page.
From the system model described in Section II it follows that
the DD domain pilot signal received at the q-th BS antenna is
given by

x̂q =

K∑
s=1

Hq,sxs + wq =

K∑
s=1

Ls∑
i=1

hq,s,i As,i xs + wq

(56)

where xs is the vector of DD domain pilot symbols transmitted
by the s-th UT and is given by (57), shown at the see bottom
of the next page. The AWGN in the (k, l)-th DDRE at the q-
th BS antenna is denoted by wq[k, l], k = 0, 1, . . . , N − 1, l =
0, 1, . . . ,M − 1, and the vector of DD domain AWGN samples
is denoted by wq .

Since, the s-th UT transmits an uplink pilot symbol only on
the (ks, ls)-th DDRE, from (56) we have

x̂q =
√

Ep

K∑
s=1

Ls∑
i=1

hq,s,i ãs,i(lτs,i , νs,i) + wq (58)

where ãs,i(lτs,i , νs,i) ∈ CMN×1 is the (ksM + ls + 1)-th col-
umn of the matrix As,i. The (KM + l + 1)-th element of
ãs,i(lτs,i , νs,i) is as,i,k,l[ks, ls] which is given by the expression
for as,i,k,l[k,′ l′] in (39) with k′ = ks and l′ = ls (in (39) note the
dependence on lτs,i and νs,i). The maximum likelihood (ML)
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estimate of the channel path gains {hq,s,i}Q,K,Ls

q=1,s=1,i=1, the path

delays {lτs,i}K,Ls

s=1,i=1 and the Doppler shifts {νs,i}K,Ls

s=1,i=1 is then
given by (59) as shown at the bottom of this page. The objective
function in (59) can be further expressed as in (60).

1
Q

Q∑
q=1

∥∥∥∥∥x̂q − √Ep

K∑
s=1

Ls∑
i=1

hq,s,i ãs,i(lτs,i , νs,i)

∥∥∥∥∥
2

=
1
Q

Q∑
q=1

‖x̂q‖2 − 2
Q

√
Ep

Q∑
q=1

K∑
s=1

Ls∑
i=1

� [hq,s,i x̂
H
q ãs,i(lτs,i , νs,i)

]

+ Ep

K∑
s=1

Ls∑
i=1

⎛⎜⎜⎜⎝
Q∑

q=1
|hq,s,i|2

Q

⎞⎟⎟⎟⎠
︸ ︷︷ ︸
= |gs,i|2 > 0, see (2)

‖ãs,i(lτs,i , νs,i)‖2

+ Ep

K∑
s=1

Ls∑
i1=1

Ls∑
i2=1
i2 �=i1

⎛⎜⎜⎜⎝
Q∑

q=1
h∗
q,s,i1

hq,s,i2

Q

⎞⎟⎟⎟⎠
︸ ︷︷ ︸

→0, as (Qh,Qv)→∞
see (49) and para. after it

ãs,i1(lτs,i1
, νs,i1)

H ãs,i2(lτs,i2
, νs,i2)

+ Ep

K∑
s1=1

K∑
s2=1
s2 �=s1

Ls1∑
i1=1

Ls2∑
i2=1

⎛⎜⎜⎜⎝
Q∑

q=1
h∗
q,s,i1

hq,s,i2

Q

⎞⎟⎟⎟⎠
︸ ︷︷ ︸

→0, as (Qh,Qv)→∞ ,
see (44) and para. after (45)

ãs,i1(lτs,i1
, νs,i1)

H ãs,i2(lτs,i2
, νs,i2). (60)

From (60) we see that when the number of BS antennas is
sufficiently large, a good approximation to the ML objective
function is given by (61), as shown at the top of the next page.

Using the large antenna approximation of (61) in (59), the
ML estimates are approximately given by (62), as shown at

the top of the next page. Here we have also used the fact that
‖ãs,i(lτs,i , νs,i)‖2 = 1 (see (42)).

Due to the separation of the terms for each UT and each path,
in the R.H.S. of (62), separate estimation of each UT’s channel
path gains, path delays and Doppler shifts can be performed. For
the i-th path of the s-th UT, the proposed estimate of lτs,i , νs,i
and hq,s,i, q = 1, 2, . . . , Q is given by (63), as shown at the top
of the next page.

For a given choice of (lτs,i , νs,i), the choice of hq,s,i which
maximizes the objective function in (63) is given by

̂

̂hq,s,i(lτs,i , νs,i) =
1√
Ep

ãs,i(lτs,i , νs,i)
H x̂q. (64)

Using this in (63) we further get (65), as shown at the top of the
next page.

Due to the non-linear dependence of ãs,i(lτs,i , νs,i) on
(lτs,i , νs,i), it is difficult to derive a closed form expression

for (
̂

̂lτs,i ,
̂̂νs,i). Therefore, we propose the following method.

Since 0 ≤ lτs,i ≤ (M − 1) and lτs,i ∈ Z, we firstly estimate

the number of channel paths L̂s for the s-th UT and the delay
lτs,i , i = 1, 2, . . . , L̂s for each path of the s-th UT by observing
the distribution of the received energy in the pilot region Rs

dedicated for the s-th UT. Towards this end, for any l s.t.
(k, l) ∈ Rs for some k, the energy received in the l-th DDRE
along the delay domain is given by

Es[l] Δ
=

∑
k | (k,l)∈Rs

Q∑
q=1

|x̂q[k, l]|2

Q
. (66)

The proposed estimate of the number of channel paths between
the s-th UT and the BS is then given by the number of delay
domain indices l for which Es[l] exceeds a threshold Eth, i.e.

L̂s =
∑

l | (k,l)∈Rs for somek

1Es[l]> Eth
(67)

where 1Es[l]> Eth
is one when Es[l] > Eth and is otherwise zero.

The L̂s estimated path delays ˜lτs,i , i = 1, 2, . . . , L̂s are then
given by those indices l for which Es[l] > Eth and l is such that
(k, l) ∈ Rs for some k. The threshold Eth is chosen such that
false detection of channel paths which do not exist is extremely
rare. For the simulations presented in Section VI-A, we have
considered Eth = 4NNo, i.e., four times the mean value of Es[l]
in the presence of only AWGN (i.e., if no pilots are transmitted).

x̂q
Δ
= (x̂q[0, 0], . . . , x̂q[0,M − 1], x̂q[1, 0], . . . , x̂q[1,M − 1], . . . , x̂q[N − 1, 0], . . . , x̂q[N − 1,M − 1])T ,

wq
Δ
= (wq[0, 0], . . . , wq[0,M − 1], wq[1, 0], . . . , wq[1,M − 1], . . . , wq[N − 1, 0], . . . , wq[N − 1,M − 1])T ,

xs
Δ
= (xs[0, 0], . . . , xs[0,M − 1], xs[1, 0], . . . , xs[1,M − 1], . . . , xs[N − 1, 0], . . . , xs[N − 1,M − 1])T (57)

(
{̂hq,s,i}Q,K,Ls

q=1,s=1,i=1, {̂lτs,i}K,Ls

s=1,i=1, {ν̂s,i}K,Ls

s=1,i=1

)
Δ
= arg min

{hq,s,i}Q,K,Ls
q=1,s=1,i=1,{lτs,i}K,Ls

s=1,i=1,

{νs,i}K,Ls
s=1,i=1

Q∑
q=1

∥∥∥∥∥x̂q −
√

Ep

K∑
s=1

Ls∑
i=1

hq,s,i ãs,i(lτs,i , νs,i)

∥∥∥∥∥
2

(59)
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Q∑
q=1

∥∥∥∥∥x̂q − √Ep

K∑
s=1

Ls∑
i=1

hq,s,i ãs,i(lτs,i , νs,i)

∥∥∥∥∥
2

≈
Q∑

q=1

‖x̂q‖2 − 2
√
Ep

K∑
s=1

Ls∑
i=1

Q∑
q=1

� [hq,s,i x̂
H
q ãs,i(lτs,i , νs,i)

]

+ Ep

K∑
s=1

Ls∑
i=1

Q∑
q=1

|hq,s,i|2 ‖ãs,i(lτs,i , νs,i)‖2 (61)

(
{̂hq,s,i}Q,K,Ls

q=1,s=1,i=1, {̂lτs,i}K,Ls

s=1,i=1, {ν̂s,i}K,Ls

s=1,i=1

)
≈ arg max

{hq,s,i}Q,K,Ls
q=1,s=1,i=1

{lτs,i}K,Ls
s=1,i=1

{νs,i}K,Ls
s=1,i=1

K∑
s=1

Ls∑
i=1

⎡⎣ Q∑
q=1

(
2
√

Ep�
[
hq,s,i x̂

H
q ãs,i(lτs,i , νs,i)

]− Ep |hq,s,i|2
)⎤⎦ (62)

(
{̂̂hq,s,i}Qq=1,

̂

̂lτs,i ,
̂̂νs,i) Δ

= arg max
{hq,s,i}Qq=1
lτs,i , νs,i

⎡⎣ Q∑
q=1

(
2
√

Ep�
[
hq,s,i x̂

H
q ãs,i(lτs,i , νs,i)

]− Ep |hq,s,i|2
)⎤⎦ (63)

(̂̂
lτs,i ,
̂̂νs,i) Δ

= arg max
lτs,i , νs,i

⎡⎣ Q∑
q=1

(
2
√
Ep�
[
̂

̂hq,s,i(lτs,i , νs,i) x̂
H
q ãs,i(lτs,i , νs,i)

]
− Ep

∣∣∣∣̂̂hq,s,i(lτs,i , νs,i)

∣∣∣∣2
)⎤⎦

= arg max
lτs,i , νs,i

Q∑
q=1

∣∣ãs,i(lτs,i , νs,i)H x̂q

∣∣2 (65)

Using (65) the proposed estimate for the Doppler shift of the
i-th detected path of the s-th UT is given by

ν̃s,i
Δ
= arg max

−νmax≤νs,i≤νmax

Q∑
q=1

∣∣∣ãs,i(˜lτs,i , νs,i)H x̂q

∣∣∣2 . (68)

In the absence of a closed-form expression for ν̃s,i, for the
simulations presented in Section VI-A we maximize the ob-
jective function in (68) over uniformly spaced 400 values of
νs,i in the interval [−νmax , νmax]. Finally, just as in (64), the
proposed estimate ofhq,s,i for all q = 1, . . . , Q, s = 1, 2, . . . ,K
and i = 1, 2, . . . , L̂s is given by

˜hq,s,i =
1√
Ep

ãs,i(˜lτs,i , ν̃s,i)
H x̂q. (69)

Just as in (15), the proposed estimate of the DD domain channel
between the s-th UT and the q-th BS antenna is

˜Hq,s
Δ
=

L̂s∑
i=1

˜hq,s,i
˜As,i (70)

where the element in the (kM + l + 1)-th row and (k′M + l′ +
1)-th column of˜As,i ∈ CMN×MN is nothing but the expression
for as,i,k,l[k,

′ l′] in (39) with lτs,i and νs,i replaced by their

proposed estimates˜lτs,i and ν̃s,i respectively.
From (66), (67), (68), (69) and (70), it follows that the

complexity of computing the proposed channel matrix estimates
˜Hq,s, q = 1, 2, . . . , Q for a particular UT isO(QL̂sMN 2). Here

we have also used the fact that the vector ãs,i(˜lτs,i , ν̃s,i) has only
N non-zero entries (see the expression for as,i,k,l[·, ·] in (39)).
As the DD domain channel matrix Hq,s has MN 2 non-zero
entries, there are QMN 2 non-zero entries in all the Q channel

matrices Hq,s, q = 1, 2, . . . , Q for a given UT. Therefore, the
complexity of estimating each non-zero entry is only O(L̂s)
(i.e., independent of (Q,M,N)).
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